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. $(\theta_{m}, \phi_{m}),$ $(m=1, \ldots, N)$ , $\Gamma_{m}$
. , $\delta$
.
$\omega_{0}(\theta, \phi)\approx\frac{1}{\sin\theta}\sum_{m=1}^{N}\Gamma_{m}\delta(\theta-\theta_{m}, \phi-\phi_{m})$ .
, $m=1,2,$ $\ldots,$ $N$ , $2N$
[9].
$\dot{\theta}_{m}$ $=$ $- \frac{1}{4\pi R^{2}}\sum_{j\neq m}^{N}\frac{\Gamma_{j}\sin\theta_{j}\sin(\phi_{m}-\phi_{j})}{R^{2}+\sigma^{2}-\cos\theta_{m}\cos\theta_{j}-\sin\theta_{m}\sin\theta_{j}\cos(\phi_{m}-\phi_{j})}$, (1)
$m$
$=$ $- \frac{1}{4\pi R^{2}\sin\theta_{m}}\sum_{j\neq m}^{N}\frac{\Gamma_{j}[\cos\theta_{m}\sin\theta_{j^{CO8}}(\phi_{m}-\phi_{j})-\sin\theta_{m}\cos\theta_{j}]}{R^{2}+\sigma^{2}-\cos\theta_{m}\cos\theta_{j}-\sin\theta_{m}\sin\theta_{j}\cos(\phi_{m}-\phi_{j})}$ . (2)
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, $\sigma$ , (1)
(2) .
$\sigma=0$ , the point vortex method( ) , $\sigma\neq 0$
the vortex blob method . (the vortex mehtods)





tree-code (the fast tree-code algorithm)[1]















$x_{m}=(x_{m}(t), y_{m}(t), z_{m}(t))=(R\sin\theta_{m}\cos\phi_{m}, R\sin\theta_{m}\sin\phi_{m}, R\cos\theta_{m})$ .
, , $N$ .
























tree . , $\tau=[x_{1}, x_{2})\cross[y_{1}, y_{2})\cross[z_{1}, z_{2})$
, . ,
$\tau$ .
$\bullet$ $\tau$ $y_{\tau}$ $\rho(\tau)$ : $y_{\tau}=($ $2^{\lrcorner 11\infty}+2$ ’ $\lrcorner^{z\pm z}2^{\Delta),\rho(\tau)=\sup_{y\in\tau}}|y-y_{\tau}|$ ,
$\bullet$ $\tau$ $L(\tau)$ . , troe
.
$\bullet$ $\tau$ $y_{\tau}$ .
$k=(k_{1}, k_{2}, k_{3}),$ $|k|=k_{1}+k_{2}+k_{3}<\lambda$ , $A_{\tau}^{k},$ $B_{\tau}^{k},$ $C_{\tau}^{k}$
. .
. , , $\tau$ ,
$j$ , $\lambda$ ,
$l$ .
Algorithm 1. $\sigma+$ tree )
GenerateMesh$( \tau, j, l)$
if $j=3l$ return;
Yr $=(c_{r1}, c_{\tau 2}, c_{\tau_{\backslash }i})=( \frac{1}{2}(x_{1}+x_{2}),$ $\frac{1}{2}(y_{1}+y_{2}),$ $\frac{1}{2}(z_{1}+z_{2}))$ ;
Compute the radius of $\tau,$ $\rho(\tau)$ ;
For all $k=(k_{1}, k_{2}, k_{3}),$ $|k|=k_{1}+k_{2}+k_{3}\leq\lambda-1$ , initialize $A_{\eta}^{k},$ $B_{\tau}^{k},$ $C_{\tau}^{k}$ ;
Initialize the list of the near-fields, $L(\tau)$ ;
if $j$ mod3 $=1$
$\tau_{1}=[x_{1}, c_{\tau 1})x[y_{1}, y_{2})x[z_{1}, z_{2});\tau_{2}=[c_{\tau 1}, x_{2})x[y_{1}, y_{2})x[z_{1}, z_{2})$;
else if $j$ mod3 $=2$
$\tau_{1}=[x_{1}, x_{2})\cross[y_{1}, c_{\tau 2})x[z_{1}, z_{2});\tau_{2}=[x_{1}, x_{2})x[c_{\tau 2}, y_{2})x[z_{1}, z_{2})$;
else if $jmod 3=0$
$\tau_{1}=[x_{1}, x_{2})\cross[y_{1}, y_{2})\cross[z_{1}, c_{\tau 3});\tau_{2}=[x_{1}, x_{2})x[y_{1}, y_{2})x[c_{\tau 3}, z_{2})$;
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end
For each $\tau_{i}$ , if $\tau_{i}\cap S\neq\emptyset$
set $\tau_{i}$ as a child box of $\tau$ ;
recursively call GenerateMesh$( \tau_{i}, j+1, l)$ ;
return;
else






$\tau=\mathcal{B}$ , $x$ , $y$ , $z$
tree tree
.
, [3] , $x\in S$ , far-field ($\mathcal{F}(x)$ )
near-field( $N(x)$ ) .
Deflnition 1. (far-field near-field) $x\in S$ , $\mathcal{F}(x)$ ,
$y_{\tau}$ $\tau$ .
$\rho(\tau)\leq h^{\nu}|R^{2}-x\cdot y_{\tau}|$ , (4)
, $F(x)=\cup \mathcal{F}(x)$ . , $\nu>0$
. , $x$ ,
$ne$.ar-field $N(x)=\Sigma\backslash F(x)$ .
far-field near-field [3]
, far-ficld (4) .
,
tree-code [3]
$\rho(\tau)\leq h^{\nu}|x-y_{\tau}|$ . (5)
. , $R<0.5$ (
) $|R^{2}-x\cdot y_{\tau}|\leq|x-y_{\tau}|$
$y_{\tau}\in \mathbb{R}^{3},$ $|x|=0.5$ , far-field ,
far-field .
2.2 Far-field
tree-code , $N$ $y_{j}(j=1, \ldots, N)$ $x$
$u_{N}(x,t)$ .
$u_{N}(x,t)=- \frac{1}{4\pi R}\sum_{j=1}^{N}\Gamma_{j}\frac{xxy_{j}}{R^{2}+\sigma^{2}-x\cdot y_{j}}\equiv-\frac{1}{4\pi R}\sum_{j=1}^{N}\Gamma_{j}\gamma(x,y_{j})\mathcal{D}(x,y_{j})$ , (6)
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, $\gamma(x, y)=x\cross y$ $\mathcal{D}(x, y)=(R^{2}+\sigma^{2}-x\cdot y)^{-1}$ . $x$ near-field
, far-field far-field
$\tau$ $y_{\tau}$ $(\lambda-1)$ . ,
$u_{N}$ .
$u_{N}^{\lambda}(x,t)=- \frac{1}{4\pi R}\sum_{y_{j}\in N(x)}\Gamma_{j}\gamma(x, y_{j})\mathcal{D}(x,y_{j})-\frac{1}{4\pi R}\sum_{\tau\in F(x)}u_{N}^{\lambda,\tau}(x,t)$. (7)
,
$u_{N}^{\lambda,\tau}(x, t)= \sum_{y_{j}\in\tau}\Gamma_{j}\gamma(x, y_{j})\sum_{|k|\leq\lambda-1}a_{k}(x, y_{\tau})(y_{j}-y_{\tau})^{k}$
. (8)
. , $\mathcal{D}$ .
$a_{k}(x, y_{\tau})= \frac{1}{k!}D_{y}^{k}\mathcal{D}(x, y)|_{y=y_{\tau}}=\frac{|k!}{k}!(R^{2}+\sigma^{2}-x\cdot y_{\tau})^{-|k|-1_{X^{k}}}$. (9)
, $k=(k_{1}, k_{2}, k_{3})$ , $k!=k_{1}!k_{2}!k_{3}!,$ $|k|=k_{1}+k_{2}+k_{3}$ ,
$y=(y_{1}, y_{2}, y_{3})$ , $D_{y}^{k}= \frac{\partial^{|k|}}{\partial y_{1}^{k_{1}}\partial y_{2}^{k_{2}}\partial y^{k_{3}}}$ $y^{k}=yf^{1}y_{2}^{k_{2}}y_{3}^{k_{3}}$ .
(9) $F$} {7Pf$\grave$ . ,
[3, 10, 8, 11]
.
A ,
power , . Power
,
. $O(N^{2})$ $O(N\log N)$
, $N$
,
. , $a_{k}(x, y_{\mathcal{T}})=a(k_{1},k_{2},k_{3})(x, y_{\mathcal{T}})$
. power .
$a_{(k_{1}+1,k_{2},k_{3})}(x, y_{\tau})$ $=$ $\frac{|k|+1}{k_{1}+1}\mathcal{D}(x, y_{\tau})x_{1}a_{(k_{1},k_{2},k_{3})}(x, y_{\tau})$,
$a_{(k_{1},k_{2}+1,k_{3})}(x, y_{\tau})$ $=$ $\frac{|k|+1}{k_{2}+1}\mathcal{D}(x, y_{\tau})x_{2}a_{(k_{1},k_{2},k_{3})}(x, y_{\tau})$,
$a_{(k_{1},k_{2},k_{3}+1)}(x, y_{\tau})$ $=$ $\frac{|k|+1}{k_{3}+1}\mathcal{D}(x, y_{\tau})x_{3}a_{(k_{1},k_{2},k_{3})}(x, y_{\tau})$.
, $a_{(0,0,0)}(x, y_{\tau})=\mathcal{D}(x, y_{\tau})$ .




, $\tau$ $A_{\tau}^{k},$ $B_{\tau}^{k},$ $C_{\tau}^{k}$ .










. , $y$ $\Gamma$
$\Sigma$
$\tau$ $A_{\tau}^{k},$ $B_{\tau}^{k},$ $C_{\tau}^{k}$ .
Algorithm 2. $A_{\tau}^{k},$ $B_{\tau}^{k},$ $C_{\tau}^{k}$
ComputeNodeCoefficients $( \tau, k, y, \Gamma)$
if $\tau=\emptyset$ return;
if $y\in\tau$ then for all $k,$ $|k|\leq\lambda-1$
add $\Gamma y_{1}(y-y_{\tau})^{k}$ to $A_{\tau}^{k}$ ;
add $\Gamma y_{2}(y-y_{\tau})^{k}$ to $B_{\tau}^{k}$ ;
add $\Gamma y_{3}(y-y_{\tau})^{k}$ to $C_{\tau}^{k}$ ;
if $k=3l$ thcn
add $y$ to the list of the near-field, $L(\tau)$ ;
return;
else
Recursively call ComputeNodeCocfficients$( \tau_{i}, k+1, y, \Gamma)$ for all the chil-






, $\tau$ tree $k,$ $y$
, $y$ .
Algorithm 3. ( $y$ )
ComputeFarNearField$( \tau, k, y)$
if $\tau=\emptyset$ return;
if $\rho(\tau)<h^{\nu}|R^{2}-y\cdot y_{\tau}|$ then









Recursively call ComputeFarNearField$(\tau_{i}, k+1, y)$ for all the children of







. $n$ , $\lambda$ , far-field $\nu$ .
$\Gamma_{j}$ $y_{j}(j=1, \ldots, n)$ . $yj(j=1, \ldots, n)$
$u_{h}^{\lambda}(x, t)$ .
Algorithm 4. ( tree-code )
Stage $0$ ( $\mathcal{B}$ tree . )




k, $B_{\tau}^{k},$ $C_{\tau}^{k}$ )
For $j=1,$ $\ldots,$ $n$ , call ComputeNodeCoefficients$( \mathcal{B}, 0, y_{j}, \Gamma_{j})$ ;
end
Stagc 2( (6) )






k, $B_{\tau}^{k},$ $C_{\tau}^{k}$ , tree-code
. [3] $O(N\lambda^{3}\log N)$




$\sigma\neq 0$ . $C$ .
$C= \max_{1\leq j\leq N}\frac{m(\mathcal{A})}{4\pi R}\omega_{0}(\theta_{j}, \phi_{j})=N\max_{1\leq j\leq N}\frac{\Gamma_{j}}{4\pi R}$.
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, .
$|u_{N}(x, t)-u_{N}^{\lambda}(x, t)|$ $=$ $| \frac{1}{4\pi R}\sum_{\tau\in F(x)}\sum_{y_{j}\in\tau}\Gamma_{j}\gamma(x,y_{j})\sum_{|k|=\lambda}a_{k}(x, y_{\tau})(y_{j}-y_{\tau})^{k}|$
$\leq$
$\frac{C}{N}\sum_{\tau\in F(x)}\sum_{y_{j}\in\tau}|\gamma|\sum_{|k|=\lambda}|a_{k}(x, y_{\tau})||(y_{j}-y_{\tau})^{k}|$. (12)
, $|x|=|y_{j}|=R$ $|\gamma(x, y_{j})|=|xxy_{j}|\leq R^{2}$ , $y_{j}\in\tau$ , $|y_{j}-y_{\tau}|\leq$
$\rho(\tau)$ , $=\lambda$ $a_{k}(x, y_{\tau})$
.
$|a_{k}(x, y_{\tau})| \leq\frac{\lambda}{k}!|R^{2}-x\cdot y_{\tau}|^{-\lambda-1}R^{\lambda+1}\leq\frac{\lambda}{k}!\rho^{-\lambda-1}(\tau)h^{\nu(\lambda+1)}R^{\lambda+1}$ .
,
$(a+b+c)^{\lambda}= \sum_{|k|=\lambda}\frac{\lambda}{k}!a^{k_{1}}b^{k_{2}}\text{ ^{}s}$
, $\sum_{|k|=\lambda}\lambda!/k!=3^{\lambda}$ $\tau$ $\rho(\tau)\geq L32h$ $\sum_{\tau\in F(x)}\sum_{y_{j}\in\tau}=$
$\sum_{\tau\in F(ae)}n_{\tau}\leq N$ , ( $n_{\tau}$ $\tau\in F(x)$ )
, .







$\leq$ $C’R^{\lambda+3}3^{\lambda}h^{\nu(\lambda+1)-1}\leq C’’h^{\nu\lambda-1}$ . (13)
, $C’$ $C”$ . , $\nu=O(3/\lambda)$ ,





$\sigma=0.05$ , . $R=0.5$
191
$M$ , . ,
. , $i$ $z$
$z^{(i)}=R- \frac{i}{M+1}$ , $i=1,$ $\ldots,$ $M$ ,
, .
$x_{j}^{(i)}=(\sqrt{R^{2}-(z^{(i)})^{2}}\cos 2\pi j/N,$ $\sqrt{R^{2}-(z^{(i)})^{2}}\sin 2\pi j/N,$ $z^{(i)})$ , $j=1,$ $\ldots$ , $N’$ . (15)
$N=MN’$ .
.
Far-field (4) $\nu$ ,
$l$ $\nu=\frac{1}{n},$ $l=n$
. , $n$ $N=2^{n}$ . . 275
. $\lambda$ 4 10 ,
, $x_{i}(i=1, \ldots, N)$
, $u_{N}^{\lambda}(x_{i})$ $u_{N}(x_{i})$




$E_{N}^{(\infty)}= \frac{\max_{1\leq*\leq N}|u_{N}(x_{i})-u_{N}^{\lambda}(x_{i})|}{\max_{1\leq i\leq N}|u_{N}(x_{i})|}$ .
1 $N$ $\lambda$ , $L^{2}$ . ,
$N$ , $\lambda$











[10] . $N=65536,$ $\lambda=8,$ $\nu=0.05$
, $3.7\cross 10^{-5}$ , 50 . ,
tree-code $N=65536,$ $\lambda=6,$ $\nu=0.00625$




Table 1: (15) tree-code
(3) (a) $L^{2}$ $E_{N}^{(2)}$ (b) $E_{N}^{(\infty)}$ .






, 3 $\lambda\nu\sim 0.5$
1 . $o(h^{2})\sim O(1/N)$
, $O(N(\log N)^{4})$ .
.
4
, [13] , $N$





Table 3: . $\lambda\nu$ 1 2
.
$10^{4}$
(a) Maximum Error $+$
$1/N$ $-\cdot\cdot-\cdots\cdots$









$c$. .. .. .
$c$
$c$ .
$\backslash \backslash .\backslash +$
$10^{-7}$





























$10^{3}$ $10^{4}$ $10^{5}$ $10^{6}$ $10^{7}$
$N$
Figure 1: $N$ , $E_{N}^{(\infty)}$ . 3
.
194
































[1] J. Barnes and P. Hut, (A hierarchical $O(N\log N)$ force-calculation algorithm”, Nature,
vol. 324, pp. 446-449, 1986
[2] G.-H. Cottet and P. D. Koumoutsakos, [Vortex mcthods, theory and practice”, Cam-
bridge Univ. Press, 1994
195
[3] C. I. Draghicescu, ($(An$ efficient implementation of particle methods for the incom-
pressible Euler equations” , SIAM J. Numer. Anal., vol. 31 No. 4, pp. 1090-1108, 1994
[4] C. I. Draghicescu and M. Draghicescu, “A fast algorithm for vortex blob interactions”,
J. Comput. Phys., vol. 116, pp. 69-78, 1995
[5] L. Grecngard and V. Rokhlin, “A fast algorithm for particle simulations”, J. Comput.
Phys., vol. 73, pp. 325-348, 1987
[6] L. Greengard and V. Rokhlin, “Rapid evaluations of potential fields in three dimen-
sions”, Springer Lccture Notes in Mathematics, vol. 1360, Springer, Berlin, pp. 121-
141, 1988
[7] R. Krasny, ”Desingularization of periodic vortex sheet roll-up”, J. Comput. Phys, vol.
65, pp. 292-313, 1986.
[8] K. Lindsay and R. Krasny, “A particle method and adaptive treecode for vortex motion
in three-dimensional flow”, J. Comput. Phys., vol. 172, pp. 879-907, 2001
[9] P. K. Newton, “The N-vortex problem, analytical techniques”, Springer-Verlag, 2001
[10] T. Sakajo and H. Okamoto, “An application of Draghicescu’s fast summation method
to vortex sheet motion”, J. Phys. Soc. Japan, vo167, No. 2, pp.462-470, 1998
[11] T. Sakajo, “Numerical computation of a three-dimensional vortex sheet in a swirl flow”,
Fluid Dyn. Res., vol. 28, pp.423-448, 2001
[12] T. Sakajo, $\langle$Motion of a vortex sheet on a sphere with pole vortices”, Phys. Fluids,
vol. 16, pp. 717-727, 2004
[13] T. Sakajo, “A fast tree-code algorithm for the vortex method on a sphere”, J. Comp.
Appl. Math. 2008, doi: 10. $1016/j$ .cam2008.07.021
196
